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SUMMARY

In the present investigation suitable estimators have been proposed for estimat-
ing the population mean for study of two characters {rom a two-stage sampling
design when data are missing for one or both the characters from some primary
stage units (psus) as well as some second stage units (ssus).
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Introduction

In many of the large scale sample surveys a multi-stage sampling design
is generally used for selection of a sample and data are collected for
several items. But, quite often, some of the sample units fail to provide
the information for one or more characters. Wilks [4] obtained unbia-
sed estimators from incomplete data for two characters from a unis-
tage sampling design. Singh and Singh [3] considered the study of two
characters when both these characters are not enumerated for the entire
sample and instead these are observed only on sub-samples. In the case
of a two-stage sampling design for-study of two characters, the data for
one or both the characters may be missing either for some of the psus or
some ssus. :

2. Statement of the Problem

Consider a finite bivariate populatior and let x and y denote the two
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characters under study. Let N and M denote respcctlvely the number of
psus and ssus within each psu in the population .and let #n and m be cor-
responding sample sizes selected by ‘stswor’ at both the stages. Due. to
non-response, information may be missing for some of the psus as well as
some ssus, with respcct to one or both the characters under study. We
consider here the simple situation where a fixed number of ssus as well as
psus are found missing at random for both the characters. When iafor-
. mation is assumed to be missing at random the available sample can be
" . considered as a random sample from the population and therefore the
-bias due to non-response is not serious and can be ignored. The missing
information may be random in situations where non- response is mainly
due to non-availability of the respondents or the failure of the enumerat-
or to contact the respondent in time. For example, i in milk yleld surveys,
" milk yield for some particular day may be missing because the calf might
have sucked the milk. Similarly crop yield for some plot may be missing -
because of the failure of the enumerator to reach on the day of harvest, °
Now we define . ~

Nz, me = number of psu’s and number of ssu’s w1thm ith psu respect-
ively providing data for x. : ~
o My, = number of psu’s and ssu’s within lth psu for which data for x
are missing; .
s _m}', = number of corresponding units providing data for only x. -

« . g ? W} ) ’
Similarly, we may define ny, ny, ny’, my, mj, and m‘;, for y, and

N, myo = number of psu’s and ssu’s within ith psu” for which data are
available for both x and y.

Then, the followiﬁg relationships hold :
. : I i ra B ,,
nz=n.+n”=n,,+n;' mi$=.m{°’+m‘-”"= m“_*_m‘_’., .
r4
Ny = N, -+ ";: = N, +,n1’" Miy = My, + m;z = my, + my,

) ' , N ¢ . . »
n=nztm=mtmn  m=mgt+m =my+m . .

Let x;; and y;; denote the values for the two characters x and y for the
jth ssu in the ith psu.
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Now the sample will consist of

ng )
(i) % m,, sampling units for which both xand y are observed. Let
% and y be the sample means of two characters based on these
" units.

na: N,
(i) X muz + = m;,> sampling units for which only x is observed. Let
%" be the mean of x based on these units,

n” N, o
(iii) s miy + 5 mj, sampling unifs for which only y is observed. Let
9" be the mean of y based on these units,

3. Estimate of Populatien Mean

An unbiased estimator for the population. mean $ based on all the
observations available for y may be given by

ny i

y= bt yidlmiy ny A (n

" The variance of », for given ny and myy, is given by

1 1\ 1 N/ 1 ' |
ro = (5 ) st nwaarn) % ®

where S} and S? are the usual between and w1thm components of vari-
ance for a two-stage sampling design, Similarly an unbiased estimator of
X based on all the observations available for x may be given by

Ny Mig

=23 I xy/mizns, and . ] 3)

V(i)=(l—l)52+'l Z)]v(l—_.l)s?‘ : (4)
} nz N »b” nz N me M L

Now before proceedmg ‘to obtain improved cstxmators of Y and X we
prove the followmg Lemma
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LEMMA

: 1
Cov (2, ) = ( 720 - ¥ ) Soev
He N me, 1 ' .
e nvN > (mm miy | N) S&zv (5)

Proof. Making use of the relationship between the available and the
missing observations on x and y, we may write :

not+n'  myg 4+ m Xy Mo+ n myg+m 'yu
Cov (% = Co ( ’ K4 z is *.)
vE v z _mng ’ z Mg 1ty

ng M+ m ng mic + miy | yy
= Cov ( ¥ Ty v L
‘ miz ne. T Muy Ry

-+ three other similar covariance terms.

Now we have

Cov(’g Xi ,%£)=— fto He Shey
. na ny :

where XTand Y; are the population means for the ith psu and

Mo X4y Mgy ) /] Mo Mig -
— - | = mem — o ——— '
Cov [( x oz ? 2 miy s miy Ste

Similar type of relations hold for other such covariance terms in the
Cov (X, ). After obtaining all these terms and simplifying we get the
required result. I

From the lemma it may be written

Cov(p, B = (= = &) Soms +

ind

e 1. v/ 1 1Y
Cov (y’.f’)=(7— ,lv)sm+ —Nz(— —7)&,,,

¢
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Also putting x = y or y = x we may easily obtain the expressions for
V (), V (%), V (5) and ¥ (¥).

Now an improved unbiased estimator of f’— may be given by
Prr=3 +B (Z—X) ) (5) <

where B, is chosen such that the variance of y;r is minimum. Similarly
an improved estimator of X may be written as :

B =F A BO—) | 6)

The values of 8, and B, which minimize the variance of p;, and %, res-
pectively are given by

__ Cov (3’ %) — Cov (¥, %)

h="®m—vm® = ™
8, = ‘Cov (%, §') — Cov (X', §) -
! V()= V)

The variances of §;+ and X, are given by

- - __ [Cov (¥, J?'j — Cov (¥, 2]‘a o
V@)=V ) [ N A A AN ™

. [Cov (i','r’) — Cov(®. PP B :
e =v@ 1 - SHrm=r® o ®

4. Estimate of Variance

In order to obtain -an estimate of variance of 9,r and %,, we obtain
the estimates of the between-and within components of variances and
covariance, Viz., SZ. » 52, , Sy » S5 Si and Sy, respectively. '

Consider. s, given below as an estimator of Stay

oM M
% n (g — B+ nzny)

;:. (Pimy — P (xmiz —X) : (9)
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For fixed n,, ns and ny, we have

Ng . _ Ny
EX (j’lmly - ?) ('ximix - f) = E(E j"miy flwi_,‘

ng L]
— X2 Pim, — P X Ximy, + 1. % )
Now we may write
ne . e ng -
= v o5
Z Rimiy, + % Ximy, y = z Fimy, + L Dimy,
——— . ——_— _— —_—

Rz hy

X =
Using these values of X and p we obtain, aftér some simplification,

ne
EX (j’im,y — 9 (’_Clm,x — X) =

H, (nc - n -+ Mg ny\) 1N ( " Myje . !__) S ]
Naily [ Soav + NZ \ mamy M)
Thus we may write
v _ _> ' 1_ N My . 1_ X
Est. Spey = Spay Est. > ( preag— M) Slxﬂ' (10)

Similarly we may obtain si;y as an estimate of Sizy given by

Mig Myy
Mg (Mge ~— M -+ MigMiy)

m - " .
2 Vig — Pimyy) Gis — Ty, (11)

Sizy =

“sluch that E (stzy) = Siz,- ' : |

It may be checked here that for ne = ns = #y = nand m;. = miz = s
miy = m, the estimates of Syzy and Sizy reduce to standard forms in two

stage sampling. Thus we obtain .

A _ n, I ol el mye . 1 ) ‘
Cov (%,9) = ( m N ) Sooy F neN Z,( Mz y M Siay

’ | -2
By putting n, = nz OT Ry, Mis = Mz OF Miy, and y = X 0 X = y we J
|
|

can obtain the estimates of Cov (§', X), Cov (%, §'), V (x), V (?) ctc. Sub-
stituting these values we obtain the required estimator of the variance of

P,r as
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1 1 1 % ( 1 1 ) :l’
—— s — - =
_ [( Ng No ) Soav + Ny N Mie Mia Sty
1 1 ) . 1 % ( 1 1 )
—_ - > — 35— - — )i
_ (m na ) + ne N me  mie )
Expression for variance of X, - may also be obtained easily by changing'y
to x in (13).
If we do not use the entire information from the incomplete samples
by using $,, and X,, we will be making use of the estimators §', and X',

for estimating ¥ and X respectively. It can be easily seen that the estimat-
ors 9y, and %, , are always more cfficient than the estimators §.and X',

5. Empirical Illustration

In order to illustrate the usefulness of the suggested procedure, data
from an actual survey conducted by the Indian Agricultural Statistics Re-
search Institute, New Delhi (Raut et al. [2]) to study the Economics of
Raising Cattle during the years 1977-1980 in the district Nadia, West
Bengal have been utilised. In this survey data were collected for two cha-
racters : (i) milk yield per milch cross bred cattle (x), and (ii) maintenance
cost per milch cross bred cattle (). '

Stratified two-stage sampling was utilized where Police Stations or group
of Police Stations formed the strata. The cluster of villages formed the
psus and households within psus formed ssus. From each stratum a sam-
ple of 8 clusters was selected and from each selected cluster a sample of
12 households having cross bred milch cattle was selected for data collec-
tion. In the present investigation, the data for the first stratum in which
only 7 selected clusters having the cross bred milch cattle could be enume-
rated ware used. Similarly in some households the data on one or both
the characters could not be recorded for different reasons.

The extent of data for the two characters is as follows:

Cluster No. - 1 2 3 4 -5 6 7
Miz 7 12 8 3 12 12 10
(households on

milk yield)

my 7 12 10 10 12 12 12

~ (households on

maintenance cost)
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The four estimators X', ', X, and_ $,, and their estxmated variances are
obtained as given in the table : :

Estimator “ Estimated variance  Estimated Efficiency %
% =257 kg - 0835 ' 100

X, =289kg , 0317 ' 263.4

¥ =Rs.59 o 1.6752 C 100
Jip=Rs.601 : ‘ 5070 ‘ 360.4

It is seen from the results in the table that the eﬂiclency of X%, and p,, _
as compared to X and y’ respectively is quite high.
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